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SUNMARY

A relativelyshortm?thodofcalculatingthelateralmotionsof an
airplaneduetorandomatmospkricturbulenceispresented.Thegust
velocitiesarerepresentedasequivalentrigid-bodyrotationsofthe
aimlanes;nsmel.y,rollinggusts,yawinggusts,andsidegusts.Random
distributionsofgustvelocitiesacrossthespanaretakenintoaccount
Indefiningtherollingandyawinggusts.Ccqlexstabilityderivatives
areusedtoaccountfortherandomdistributionofsidegustsalongthe
fuselageandverticaltailandthelageffectincurredastheairplane
penetratesthegusts.Thesuggestedgustspectrumisbasedona simple
analyticalexpressimwhichfitsavailablemeasurementsofatmospheric
turbulence.A 45-stepsamplecalculationprocedureforobtainingthe
responseoftheairplaneineachdegreeoffreedomispresentedin
tabularform.

INTRODUCTION

Mostcalculationsoftheresponseofairplanestogustshavebeen
madeon theassumptionthattheeffectofthegustontheairplaneis
approximatelyequivalenttotheeffectofa rigid-bodymotionofthe
airplsneproducinga distributionofsingleofattacksimilartothat
causedby thegust. Onthebasisof thisassumption,disturbancesin
theformofrollinggusts,yawinggusts,andsidegustshavebeenemployed
incalculatinglateralresponsetogustdisturbances.Thisapproachis
convenientbecausethestandardaerodynamicstabilityderivativeswhich
areusedinairplanestabilitycalculationsmayalsobe usedto determine
momentscausedby thegustvelocities.!I%isapproachas usuallyapplied
neglectseffectsdueto kg inpenetrationofthegustsby differentparts
oftheairplanesmd,becauselineargradientsofthegustvelocityalong
thespanareassumed,itcannotaccountfortherandm spanwisedistribu-
tionofgustvelocitiesencounteredinflightthroughatmosphericturbu-
lence.Ftmthermore,therelationsbetweenthemamtudes oftherolling,
yawing,andsidegustsrequiredtoproduceeffectssimilsrtoactual
atmosphericturbulencearenotknownbeforehand.



2 NACATN41$)6

~.

Inreference1,a theoreticalmethodforcalculatingthelateral
responseofanairplanetoatmosphericturbulencehasbeenproposed
whichaccount’sina rathercompletemannerfortheeffectsneglectedor
approximatedinpreviousmethods.Thismethodusesanapproachsomewhat
differentfromthatdescribedintheprecedingparagraphinthatthe
forcessndmcmentsappliedtotheairplaneby gustsaredeten?d.nedin
power-spectralformintermsofthehorizontal,vertical,andsidecom-
ponentsofgustvelocity.

Inthepresentreport,itisshownthatthemoreconventional.
methodofassunrl~gust-velocitydistributionsequivalenttorigid-body
motionsoftheairplsnemaybe refinedtoprovideresultsequivalentto
thosegivenby themethodofreference1. Therefinementsconsistin
replacingsomeoftheconstantaerodynamicstabilityderivativeswith
complexquantitiestoaccountforthegustpenetrationeffectsand
determiningthecorrectrelationsbetweenthespectraofrolling,yawing,
andsideguststoyieldresultsinagreementwiththemoreexactanalysis.
Thepresentmethodrequiressomewhatsimplercalculationsthanthemethod
ofreference1 andprovidesa clearerphysicalpictureoftherelations
betweenthevarioussourcesoflateralgustdisturbances.

h

Kz

SYMEOLS

wingspan

bdnondimensionaloperator,— —
U dt

matrixcontainingstabilttyderivativesrelatingair-
planemomentsandforcestogustwslocities

alternateformof G containingfrequency-dependent
stabilityderivatives

heightofcenterofpressureofverticaltailabove
X-axisofairplane

imaginarypartofa complexnumber

nondimensionalradiusofgyrationaboutX-axis

nondimensionalradiusofgyrationaboutZ-axis

nondimensionalproductofinertia
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integralscaleofturbulence

talllengthbetweenairplanecenterofgravityand
quarter-chordpointofmeanaerodynamicchordofver-
ticaltail

rollingvelocity,d@/dt

dynamicpressure,~

yawingvelocity,d#/dt

wingsrea

timeintervaloverwhichpowerspectrumisevaluated
(eq.18)

time

relativevelocitybetweenairplaneandgeneralairmass

velocityalongX-axis

velocityalongY-axis

velocityalongZ-axis

threeorthogonalreferenceaxesofairplane

ltitcoefficient,~
qs

Rollingmomentrolling-momentcoefficient,
@’b

yawing-momentcoefficient,Yawingmoment
qSb

side-forcecoefficient,Sideforce
qs

angleofattack

angleofsideslip



flight-pathangle

matrixcontaining
air

wavelength,2Jru
T

airplanerelative

NMM TN41g6

airplaneequationsofmotioninstill

densityfactor,‘~

densityofatmosphere

sidewashangle

powerspectral

angleofroll

angleofyaw

density

circularfrequency

Stabilityderivativesofairplaneareindicatedby subscrtptnota-
tions;forexample,

Subscripts:

o generalairmass

g gusts

w wing

F fuselage

T verticaltail
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Matrixnotation:

II determinantorabsolutevalueofquantity

[1 rectangularmatrix

{} columnmatrix

H ruwmatrix

Earovera quantitydenotesmeanvalue.Asteriskdenotescomplex
conjugate.

TEEORY

EquationsofMotion

Theequationsoflateralmotionforanairplane(ref.2)are
givenby

\

+p.pc%p.o

t

(1)

-cLtan7*o +2pDj30-c@= o

wherethesubscripto appearingintheinertialandweighttermsis
usedtodenoteangulardisplacementwithrespecttoan absolutesystem
ofaxesfixedinthegeneralairmass. Incalculationsofthemotion
ofanairplanein stillair,theangulardisplacementsandvelocities
appearingin theaerodynamictermsareidenticalwiththesevalues.
Whenflyingin turbulentair,however,theairplaneissubJettedto the
motionoflocalairmasses,generallyreferredtoasgusts.Therela-
tivelinearandangulsrvelocitiesoftheairplanewithrespecttothe
localairmasseachmaybe consideredasmadeupoftwoparts:
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/

@=@. +@g

W=wo+wg

!3=130+Pg

(2)

wherethe
equations

subscriptg isusedtodenotegustvelocities.Substituting
(2)intoequations(1)andtransposingthetermsresultingfrom

gustdisturbancestotheright-handsideoftheequationgivestheresult
writtenintheconvenientmatrixform:

(3)

Thematrix

1-~ypD - CL

-2pKnD2- &ZrD

-Cnp (4)

isthefamiliar“stillair”rigid-airframecharacteristicequation,and
thematrix

[1G= (5)
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givestherelationshipbetween
resultingfrcmgustvelocities

theaerodynamic
encountered.

momentsandforces

7

b theclassicalmethodoftreatingsimpleisolatedgustinputs
(forexample,ref.3), theelementsofthe G matrixwouldbe the
“stillair”stabilityderivatives,thevaluesinthegust-velocity
matrix(D@g,~g, and ~g)wouldbethosea~ropriateto steporramp
functions,andthesolutionwouldbe definedby

= [A(u)]-lP]

W&d

W,g(d

$g(~)

where LAj-L istheinverseof LAJwith D = i%. Uniquetime

(6)

responsescouldthenbe obtainedby takingtheinverseFouriertrans-
formofeachsolution.

However,whentheresponsesoftheairplanetocontinuousrandom
gustsaretob considered,thegustvelocitiescanbe definedonlyin
a statistical(power-spectral)mannerandtheresultingmxnentsend
forceswillin turnbe relatedonlyina statisticalsense.Thl.smeans
thattheelementsofmatrLxG cannotbe evaluatedintheusualsense
andtheeffectofrandomdistributionsofgustvelocitiesalongthe
fuselageandacrossthewingspanmustbe takenintoaccount.

ForcesandMmnts DuetoTurbulence

Intheapplicationof the methodtarandcmturbulence,thesources
oftheforcesandthemomentsontheairplanemustbe considered.As
showninreference4,yawingandrollingmomentsonthewingresultfrom
gradientsofthehorizontalandverticalgusts.Wingrollingmoments
andmomentsandforcesonthefuselageandverticaltailareproduced
bySidegusts.Althoughthewingmomentscannotbe determinedatany
instantasa functionofthegustvelocitiesmeasuredat thecenter
ofgravity,thepowerspectraofthesemomentshavebeendetermined
inreference4 asa functionofthepowerspectrumoftheverticalgust
velocityasmsasuredat onepoint.Inisotropicturbulence,the
spectrumofthesidegustsmeaeuredata pointisidenticalto thatof
thevertical.gusts.Forthisreason,thespectrmoftheyawingand
rollingmomentsmaybe relatedequallywelltothatofthesidegusts.
‘Ibisprocedureisusedin thepresentsnalysis.
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Spanwisegradientofverticslgust.- Ingeneral,therollingmoment
actingatanyinstantresultsfroma randomdistributionofvertical-

(!

gust%locityacrossthespanwhichhassomeaveragelinesrspanwise
gradient.An effectivegradientwhichproducestherollingmomentdue b
tothisrsndomspanwisedistributionmaybe definedby therelation

@g= ~: %(wg)
() Pw

whichisderivedfromtheequation

%(wg) = $(Qw@g (7)

where%(wg)istherollingmomentduetoverticalgusts, Cz
()

is
Pw

thewingdamping-in-rollstabilityderivative,and @g istheeq~va-
lentrolling-gustgradient.Likewise,thevertical-gustdistributionat
anygiveninstmtalsoproducesa yawingmoment.Inreference4,this
momentwasassumedtobe inphasewiththerollingmomentandwasdeter-
minedfromtheformula

()Cnpcn(wg)= ~ Cl(wg)
Pw

d

Substitutingequation(7)intoequation(8) gives the yawingmomentj-n
termsoftheeffectivegustgradient:

(9)

Spanwisegradientofhorizontalgust.-Similarargmnts mY be
usedtoshowthata randomdistributionofhorizontalgustsacrossthe
spanofthewingproducesbothrollingandyawingmomentswhichare
assumedtobe inphaseandrelatedby

()cCn(ug) = + W@
w“

(lo)
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In termsoftheequivalentyawing-gustgradientQfg,thesemomentsare
givenby

cn(~) = *(~r)WWg

(11)

(12)

Theseformulas(eqs.(7) to (12)) are in a convenientformfor
applicationtothepresentanalysisinwhichthegustsareconsidered
asequivalentrigid-bodymotionsof theairplane.Moreover,sinceonly
thewingmomentsareinfluencedby thehorizontal-andvertical-gust
distributionsacrossthespanoftheting,theseformulascompletely
accountfortheeffectof thesegustsonthelateralmotion.

sidegusts.-Theonlyremainingsourceofgustdl.sturbanceis the
sidegust. Inthepresentreportthisdisturbanceisexpressedas an
equivalentsideslip13g=v#, butthemethodofcalculatingitseffect

isessentiallythesaneas thatusedinreference1. Effectsdueto
thedifferenceintimeatwhicha givengustencountersdifferentsec-
tionsoftheairplane,knownasgust-penetrationeffects,areaccounted
forinreference1 by consideringtherelationsbetweentheaerodynamic
forceandmomentcoefficientsandthegustinputsmeasuredat thecenter
ofgravityasfrequency-dependenttransferfunctions.Theserelations
arehereinconvertedtofrequency-dependentstabilityderivativescypY

c%, and C2 bymultiplyingtheexpressionsusedinreference1 by
$

theflightvelocityU. Expressionsforthesestabilityderivatives
aregiveninappendixA.

Toan observerintheairplanetheside-gustdisturbanceappears
as a randomvelocitydistributionwhichmovesalongthefuselageand
verticaltailat themeanvelocityU. Ifthisspeedin termsofbody
lengthsperunittimeisImge (asisusuallythecasewithmostair-
planes),thesegustvelocitieswillnotchangeappreciablyduringtheir
“timeofe~osure”tothefuselage.Whentheconditionis satisfied,
theforcesandmomentsactingonthefuselageareuniquely,ratherthan
statistically,relatedtotheside-gustdistributionalongtheflight
path,andphaserelationscanbe correctlyaccountedforby treating
thefrequency-dependentderivativesas complexquantities.

.

if

— ——
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MatrixSolutiontoEquationsofMotion

Theeffectsofthegustsonthewingandthefuselage-tailcombi-
nationmaybe incorporatedintoa matrixsimilartothesimplified
G matrixofequation(5). Ifthismatrixis denotedby~(m) andif
onlythoseforceandmomentcoefficientsareincludedwhichwillhave
a significanteffect(forexample,sideforcesduetorollingand
yawingareusuallynegligiblecomparedwithsideforceduetosideslip),
themodifiedG matrixisdefinedas

(13)

Intermsofthismatrix,thesolutiontotheequationsofmotiongiven
by equation(3) isobtainedformallyby inversion:

Ido(d

$.(0)I
po((l))

J II

mg(d

Wg(d

pg(uj

(14)

Theinverseofthe A matrixgivenbyequation(4)isshownin
appendixB toconsistoftransferfunctionsrelatingtheresponsein
lateralanmlardisplacementstoa sinusoi~rolli~~nty ya~ng
moment,or-sidefor~eofunitsmplitude:

*
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c Inasmuchas therandomnatureofthemomentsresultingfromrandom
turbulencemakesitnecessarytoplacetheresultgivenbyequation(14)
ina power-spectralform,bothsidesoftheequationmustbe squared.

d Ifequation(14)issquaredinitspresentform,cross-powerterms
betweenalltheforcesandmomentswillappearinthefinalresult.
However,if theproductof [A]-land [’(Lo)]Istakenbeforehand,
thenwhentheproductmatrixis squaredthesecross-powerrelationships
donotappearexplicitlysincetheirequivalenteffecthasbeentaken
intoaccountinthemultiplicationprocess.Itis showninappendixC!
thattheresultobtainedby firstmultiplyingthesetwomatricesbefore
squaringis thessmeastheresultobtainedby sqmringeachmatrix
separatelyandincludingcross-powerterms.

Eachelementin thematrixproductof [A]-land [6(UJ hasthe
formofa transferfunctionrelatingoneofthe
quantitiestooneofthegustcomponents.This
catedasfollows:

airplaneresponse
relationshipisindi-

1(.;$g
Q13)Pg
qlj13g

(16)

Intermsofthismatrixproduct,therelationsbetween
oftheairplaneresponseandthegustcmponents

thepowerspectra
aregivenintheform

i

2

2

(17)

wherethepowerspectrumofa quantityX is definedby
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Theassumptionhasbeenmadethatanycrosspowerbetweenthethreegust
componentsiseitherzeroornegligible.Justificationforthisassump-
tionismadeina subsequentsection.

Finally,thegustinputsinisotropicturbulencearespecifiedin
termsofa singlequantity.Thespectrumof ~g isselectedforthis
p~ose inasmuchasPg iStirectlyrelatedtothelineargustcompo-
nent Vg forwhichthespectrumisavailablefromturbulencetheory.
Therefore,thefinalformoftheequationsisgivenby

!&r1*12ltJ2
GustSpectraandTheirRelationships

Thefollowingrelationshipsforthegustspectra
arebasedontheassumptionofhomogeneousisotropic

kg(u)=Ovg(d

-7 =.+ —%3 =W i32 }

= Fop)

—

1.

(19)

.
andgustvelocities
turbulence:

(20)

themotionsorthePhysically,theserelationsstatethat,regardlessof
directionoftraveloftheairplane,thevertical-andside-gustcom-
ponentsmeasuredatthessmepointontheairplanehavethesanespectrum
andthatthemean-squarevalueofallthreegustcomponentsistheSEUE.

Forthepurposesofequation(19), thepowerspectraof gustgradi-
entsasa functionofthegustspectrameasuredatonepointsrerequired
intheformoftheratiosofthepowerspectraof I@g and Mg tothe ~

v
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a powerspectrumof ~g whenthelatterisknown.Takingthesquareof
theabsolutevalueofequation(7) andconsideringtheequationtoapply
atanygivenfrequencyyields

d

() 1

4J%(W[2f3p ~
(a)

Dividingbothsidesofequations(21)by thepowerspectrumoftheside
gustorverticalgust(seeeqs.(20)) asmeasuredatthecenterofgrav-
itygives

W. 4U2 ‘% (Wg)—=
@pg c~ 2 @wg

()Pw
Atanygivenfrequency,then

4 Expressionsforbothpowerspectraontheright-handsideofequa-
tion(22)areavailableintheliterature.An expressionbasedon
measurementsofturbulenceinwindtunnels(ref.5)whichappearsto

. fitwellmostoftheavailabledatafrommeasurementsofatmospheric
turbulence(foreqle, refs.6 andT) isgivenintermsof $g by

(22)

(23)

where k‘ = mL/U and L istheso-calledscaleofturbulence.A plot
ofequation(23) isgiveninfigure1.

Calculationsbasedonanalyticalexpressions(similartoeq.(23))
forthegustspectrameasuredat onepofiteregiveninreference4 for
thepowerspectraofthecoefficientsoftherollingmd yawingmoments
onwingsofarbitraryspanwhicharesubjectto continuousisotropic
turbulence.Thesespectra,whichtakeintoaccounttherandomdistri-
butionsofgustsacrossthespanandalongtheflightpath,aregiven
inreference4 forvariousvaluesof p’= b/L andforfourspantise
liftdistributionsonthewing. Sincetheeffectof differentliftdis-
tributionswassmall,onlyonedistribution(therectangulardistribution)

.

*
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is
to

consideredandthepowerspectrumofrolling-moment
verticalgustsonthewingisdenotedhereby

%t(wg) =

W62L(CZP)W2~ ~wtity

fiu3

ThequantityplottedinfigureT(a)of

plottedinfig.

reference4 is

Dividingtheabove
intoequation(22)

MUX m 41g6

coefficientdue

T(a),ref.4

0C7(k’)

equationbyequation(23)sndsubstituting-theresult
yields

II
Wfg2 4x Quantity@ottidin fig.T(a),ref.4 (24)
~= 1+ 3k’2

(1+ k’2)2

Thisrelationshipisplottedinfigure2 forthevariousvaluesof ~’
usedin,reference4 andasa functionofre”ducedfrequencyu’,where

u’ = ~= ~’k’ (25)

Ina likemannertherelationshipbetweenthepowerspectraof
yawinggustsandsidegustsmaybe determined.Fromequation(11),

DiYLdingthroughby thepowerspectrumoftheside
asmeasuredatthecenterofgravitygives

% g 4u2 ‘%(ug)—=
%g ()c~ 2 @wg

rw

whereatanygivenfrequency

Again,frm reference4,thepowerspectrumofthe
cientduetohorizontalgustsonthewingisgiven

b

L

a.

(26)
.

gustsorverticalgusts

rolling-moment
by

(27)

coeffi-
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@c@) =

Thequantity

x Quantityplottedinfig.9(a),ref.4
~u3

plottedinfigureg(a)

where U. istrimsingleofattack.

@f-l(k’)
ofreference4 is

IP%p%a u3fi‘
Dividingtheaboveequationby

equation(23)andsubstitutingtheresultintoequation(~) yieldsthe
requiredrelationshipbetweentheyawing-andside-gustspectra:

[317>) ‘2= 4X Q-tityplottedinfig.g(a),ref.4 (28)
IP8l\”Zr/W ~ + ~r<

(1+ k’2)2

Thisrelationshipisplottedinfigure3 asa function
rangeofvsluesof pt.

of m’ fora

Presentationofthedataoffigures2 and3 intheformofratios
betweenthegustspectraisnotmeanttoimplythatthesedataare
independentoftheapproximatespectrachosenfor pg. Theseratios
representthefilteringeffectofthewingongustshavingthefrequency
spectrumgivenby equation(23),and,ifotherapproximationstothis

< frequencyspectrwnwereused,thefilteringeffectwouldnotnecessarily
be thessme.

DISCUSSION

Theforegoingdevelopmentleadstoa setofequationswhichhold
forsmalldisturbancesaboutsometrinmedflightcondition.Intheappli-
cationofthemethod,it isnecessarytoknowtheflightconditions,the
stabilityderivativesoftheairplaneatthoseflightconditions,andsome
basicphysicaldimensionsoftheairfreune.Suchquantitiesarerequired
foranydynamicsstudyofan airplaneend,asidefromtheequationsand
figuresgivenherein,noadditionalinformationisrequiredto obtainthe
lateralresponseoftheairplaneinpower-spectralformtocontinuous
atmosphericturbulence.

—

As anaidinsettinguptherequiredcalculations,a listof columns
endstepswhichmaybe followedinthecalculationof
tableI.

@$ isgivenin
Thecolumnnumbersandheadingsae listedverticallyinthis

table;however,theywouldbe Hanged horizontallyacrossthetopofan
actualcalculationsheet.Althoughthecalculationof @

.
@ isusedas~

.
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exsmple,thes@mestepsarefollowedfortheresponseoftheairplanein
anyangulardisplacement,rate,oracceleration.Fora givenairplaneand

*

flightconditionthefirst12steps(part(a))maybe tabulatedfromthe
equationsandplotsofthisreport.Steps13to45 (p=t (b))sreused
forthecalculationoftheresponseoftheairplaneinanylateralangular

L

displacement(fortheexample,# 1sused).Itisnecessarytotabulate
therealandimaginarypartsofthreetransferfunctionsrelatingCz,
c~~and ~ tothatresponseparameter(columns@ to @) andtofol-
lowtheInticatedsteps.Fereachoftheotherresponsemotionsortheir
derivativesitisonlynecessarytosubstitutetheappropriatetransfer

ofunctionsintocolumns13 to @ andtorepeattheprocess.

Incalculatingthefrequency-dependentstabilityderivatives

(Cohmlus@ to@ careshouldbe takentoinsurethat,when u = O,
thesederivativesagreewiththesteady-stateaerodynamicderivatives
usedincalculatingthetransferfunctionsofequation(15).

Themethodrequiresa choiceofvaluesforthescsleofturbulenceL
andthemeansqusreoftheturbulence%2 “ Verylittleinformationis
availableatpreserrtonthepropermagnitudefor L;however,itappears
tobewithintherenge.of1,000to2,000feetandprobablycloserto the
lowerfigure.Themeansquareoftheturbulencedependsontheseverity
oftheturbulencetobe considered.As an approximation,a valueof w~
of (3 ft/see)2 forlightturbulence,(6ft/see)2 formoderateturbulence,
end(10ft/sec)2forthunderstormsmaybe used.

w
(Seeref.7.)

Inthepresentmethodtheeffectsofturbulenceoftheairplanehave .
beenseparatedintotheequivalenteffectsofrolling,yawing,andside-
slipoftheairplaneinstillair. Theapplicationofthisconcept,
however,hasbeenmadeinsucha wsythattheeffectsoftheu-,v-,and
w-componentsofthegustsaretakenintoaccountaswasdoneinrefer-
ence1. AlthoughtheprocedureofthisreportM.ffersfromthatof
reference1, exactlythesameeffectsaretreatedInbothmethodsand
bothmethodsyieldthesameresults.Thisagreementhasbeenverifiedby
usingthepresentmethodtocslculateresponsesfortheexempleairplanes
ofreference1. Sincetheresponsesofthreeairplanesarepresentedin
reference1,nonumericalexsmplesarepresentedherein.Thoseinterested
inthetrendsandrelativeeffectsofthedifferentgustcomponentsover
certainfrequencyrangeswillfindtheseeffectsdiscussedtherein.

Onedistinctionshouldbenotedbetweenthepresentmethodandthe
moreconventionaltreatmentascontainedinequation(3). In thecon-
ventionaltreatment,yawinggustsareassumedtoincludeboththerota-
tionaleffectsintroducedby gradientsofsidegustalongthefuselage
andby gradientsofhorizontalgustsacrossthewingspsn.Thus,the

~-

lf
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valuesof C}r, &Y and c-y ofequation(5)wouldbe thoseforthe
r

entireairplane.Inthepresentmethod,theyawinggustsareassumed
toincludeonlytheeffectsofhorizontalgustsonthewing,andthe
valuesof () ()

Czr~ ‘d Cnr~ usedinequation(13)arethoseforthe

wingalone.Rotationaleffectsofthesidegustsalongthefuselage
areccaupletilyaccountedforby theccmplexstibilityderivatives

p’,),~ P“,)l+mdp,)m”
Thismethodisusedbecauseitallaws

theutilizationofthemoreaccuratecalculationofthefuselagepene-
trationeffectsgiveninreference8 andbecausetheseparationof the
effectsofthewingandfuselageallowstherandomdistributionofhori-
zontalgustsacrossthespantobe takenintoaccount.-

Withmostcurrentairplaneconfigurationsinflightat lowemgles
ofattacka simplificationofequationsmaybe obtainedby neglecting
theyatinggustsonthewing. Inthenumericalexamplesofreference1
itwasobservedthatthisgustccmponenthada negligibleeffectin all
degreesoffreedomfortheairplanesinvestigated.Thisresultis the
basisfortheassumptionmadein thederivationofthemethodusedherein
thatthecrosspowerbetweenthegust-velocitycomponentsmaybeneglected.
Bythetheoryofisotropicturbulenceonlythecrosspowerbetweenthe
componentshereinreferredtoasyawinggustsad sidegustsexists.Eow-
ever,whentheyawing-gustcontributiontothemotionoftheairplaneis
small,neglectingthiscrosspowerappearstobe Justified.

Itwasalsofoundinreference1 thatthefurthersimplificationof
neglectingthecontributionofbothrollingandyawinggustsin calcula-
tingtheresponseinsideslipis justified.

Theplotsoftheratiosofrollinggustsandyawingguststo side
gustsderivedinthisreportgivea physicalpictureoftherelative
importanceof thesegustdisturbancesatvsriousfrequencies.Forcal-

culationpurposes,theplotsofthequantities
%r ‘d I%r=

functionsoffrequencyonlog-logpaper(fIgs.2 and3) are convenient,
buta plotofthistypegivesa somewhatdistortedpictureofthetrue

@
variationsof thesequantities.Forthisreason,plotsof

II
fi am
$g

II

Wg

~
as functionsoffrequencyonlinearscalesaregiveninfigure4.

Frequencyisplottedintermsoftheratioofwingspantogustwave-
lengthb/~. Thesecurvesshowthat,forthesmallvaluesof p‘
(ratiosofwingspantoscaleof turbulence)ordinarilyencountered,
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theratio1%1‘rRI

.
fallsona singlecurveasa functionof

b/h,exceptatlowvaluesof b/A. Thecurvesreacha peakinthe .
neighborhoodof b/A= O.~to1.0,asmight& eqectedon thebasis
thatthespanwiseaveragingeffectswouldbecomeimportantwhenthe
gustwavelengthiB shorterkhanthespan.Thehypothesis,expressed
inreference9, thatthegustgradientmeasuredalongtheflightpath
wouldgiveanapproximationtotheeffectivespanwisegustgradientis
indicatedbythedashedlinedrawnonthefigure(fig.h(a)).The
agreementin thetrendsofthecurveswiththisdashedlineshows
thatthishypothesismaybe a reasonableexplanationofthemechanism
oftherollingandyawingeffectsofturbulenceoveranintermediate
rangeofwavelengths.At shorterwavelengths,thespanwiseaveraging
ca~esa decreaseintheeffects;whereasatlongwavelengths,orlow
frequencies,anothermechanismapparentlycanesintoplaytoincrease
therollingandyawingeffects.Thismechanismisbelievedtobe the
chanceencounterofthewingwithrollingandyawinggustsdistributed
alongtheflightpathatrelativelylongintervals.Thiseffect
increaseswiththeratioofwingspantoscaleofturbulence.Possibly
thisresultoccursbecausea wingoflargerspaneffectivelysamplesa
largerportionoftheatmosphereandisthereforemorelikelyto
encounterrollingandyawinggusts.Thiseffectmightbeimportantifi
explainingincreasedlateral-controldifficultiesofl~ge airplanes
duringlemdingapproachesinroughair,ifitcambeshownthatthe
scaleofturbulencedecreasesatlowaltitudes.

+

CONCLUDINGREMARKS .

A procedureispresentedforcalculatinginpower-spectralfomuthe
lateralresponseofairplanestorandomatmosphericturbulence.By fol-
lowingthetabulatedsamplecalculationprocedure,thesecalculations
maybemadeina routinemannerwithoutdetailedknowledgeofthe
derivationofthemethod.Ithasbeenveriftedby usingthepresent
methodtocalculatetheresponsesoftheexsmpleairplanesofNACA
TechnicalNote3954that thepresentmethodgivesresultsidentical
to thoseofthemethodtherein.Thepresentmethodrequiressimpler
calculationsandprovidesa clearerphysicalpictureoftherelations
betweenthevarioussourcesoflateralgustdisturbances.

LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

LangleyField,Va.,October15,1957.
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APPENDHA

FREQUENCY-DEPENDmSTABILITY

DUE!N3SIDEGUSTS

DERIVATIVES

Allderivativesarereferredtothecenterofgravityoftheair-
plane.Thecoefficientofrollingmomentdueto sidegustsonthewing
andverticaltailisgivenby

F’p(a)]~~=~’P~+(@~)T~~+$):i(%) (~)

Thecoefficientsofsideforceandyawingmomentdueto sidegustsalong
thefusehgeamverticaltail(seeref.8)areexpressedby

2

( )[
‘1 - ‘o e-~l - (1- ilq+ ikp)e 1}

-%2 (A2)
~-k~

1}(k~- 2i)e-ikl

where

(A3)

(n=0,1,2)

andwhere ~, xl) X2) so,and’S1 aretheprofiledimensionsof
thefuselageandverticaltail. Theseprofiledimensions,as giventi
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thederivationinreference8,areillustratedinthefo13mwingsketch:

I-%--j-’’l+-l ~.-+

Thefuselageisan ellipsetruncatedatthecenterofgravity,2s0
beingthelengthoftheminoraxisand ~ beingthelengthofthe
lm%joraxis. Theverticaltailisa righttriangleofbase ~ - xl
andheightS1 - so.

Ata= o,equations(Al),(A2),md (A3)bec~~ respectively>

M’4WT=(“h+(C’b
l%-lm=[ ‘- 1-g 2s02+ (s1- SO)2

(A4)

(A5)

.

.

Thesequantitiesshouldbemde numericallyeqti tothesteady-state
stabilityderivativesas obtainedfromflight-testmeasurementsormore
e~ct theoriesby suitablyadjustingthedimensionsoftheassumed
fuselage-tailprofile.
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Incoefficientform,
arerelatedtotheangles

APPENDIXB

MRFRAMETRANSFERFUNCTIONS

[1where A isdefinedin

thelateralmmentsandforcesonanairplane
whichdefinethe

{H!f-fc~

[1A#=Cn

P Cy

equation(4) for
is initiallyalinedwiththerelativewind
intheanglesduetochangesin themoment
thenexpressedas

Onemethodof
relationship

lateralmotionby

thecasewheretheX-axis
(stabilityaxes). Thechange
andforcecoefficientsis

obtainingtheinverseofa matrix [A] is givenbythe

wheretheprimedenotesthetransposeof [A].

[1when A [1is definedbyequation(~), A ‘1
transferfunctionsasgiveninequation(15).
aredefinedby

Itmaybe seenthat,
till bemadeup of
Thetransferfunctions

+ *C%-$%3C+’-



[
L = 4#K@3 + P(clr - %ZCYP)$ (k Cy + 211czp )

-k C D+
Cn ‘2Zr$ 2 ‘r ‘p

If-=
[
4/K#D3Cn

.

fi—=
Cy

*—=
Cy

P—=
Cy -[ (PKx~4+% cZr

1+c%)+‘Z2CZPd +

1

IIT

“

*
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. [(I*I= 8V3$X2XZ2- Kn2)fi-2.2 KX2~2CyB + C%) + l@~ +

.

( %C$Y j [(
D4+ v %2 ‘YPCZPK= C +cz -

%r $ - C%c’$)+

(KX2Cypc%+ h%p- CyS@)+*(’%-J+-%l#zr)+

{-2.cL[*Y~x%n,+Km.zp)+%%lp+.m.n,]+
[ cl.4)+.2$(C4%~%~~~cZr - P - C%rcnp)+

(%lpC&zp )}- .’YP%r)]+ Ppzpcy - %pcb ~ +

[( )
% tin7 Cnpczp- cZpc~ + CZPC42 1-Cn Cz D

pr
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APPENDDCc

TWOEQUIWLENTWAYSOFEXPRESSINGTHEPOWERSPECTRAL

RELATIONSHIPRETWEENGUSTSAND

AIRPLANElKITIONS

Thestatementismadeinthemin tetithat,inthederivationof
thepowerspectralrelationshipsbetweentheairplanemotionsandthe
gust-velocityinputs,thesameresultisobtainedwhetherthematrix
relationshipsaretreatedintheform

IA-1(0)[2IW)12
orintheform

2
A-%(u)

(cl)

(C2)

Intheformercase,cross-powertermsbetweentheelementsofthe
matrices(i.e.,betweenthemomentsandforcesontheairplanedueto
eachgustcomponentactingonthevariouspartsoftheairphnesimul-
taneously)willappear,whereasinthelattercase,thesequantities
donotappearexplicitlybutsretakenintoaccountwhenthematrices
arefirstmultipliedtogether.Theformerapproachisusedinthe
methodofreference1;the’latterandsimplerapproachisusedinthe
methodofthispaper.Inorderto showtheequivalenceofthetwo
approachesitisnecessaryonlytoproveequalitybetweenequations(Cl)
and(C2),thatis,thatthesquereoftheabsolutevalueoftheprcduct
oftwomatricesiseqpaltotheprcductofthesquaresoftheirabsolute
values.Sincematrixequationsmaybe treatedas linearalgebraicquan-
tities,theMtrixeqtity definedinthemaintext

.-

(C3)

willbe denotedby thec~leX quantities .

AB=C (C4)

Thecomplexconjugateofthiseqmlitymaybe showntobe —
A*B+. C+ (C5)
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4 Multiplyingequations(Ck)and (C5)yl.elds

AA%* = cc*
.

whichisequivalentto

.

lA121Bf= 1~12
Hence,

IA-1(u)12l~((D)12= IA-%(u)12

25

(C@

wheretheelementsofthesematricesarelikewisecomplexquantities.

by
by

Insightintothedifferencebetweenthetwoapproachesmaybe shown

[ %]consideringoneelementof the A- - matrix.l@andingequation(C3)
meansofequations(13)and(15)ofthemaintetigi~

. or,initsexpandedform,

(C7)

Iftherealand~inary
absolutevaluesquaredof

partsofequation(C7)aregrouped,thenthe
equation(C7)becomes

A differentform
writingtheconjugate

(c8)

involvingcross-powertermsmaybe obtatiedby
ofequation(C7)
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andobtainingtheproductof equations(C7)and(C9):

Since

(Cg)

+

and

equation(C1O)my bewrittenintheform

.7

?

—

(Cll)

~ete~ ‘~(%p)w~%).+($~]is thecross-towertermbetaveenthe

rolling andyawingmomentsonthewing,andhadthecoefficient(%)Pw
notbeenzerotwoothercross-powertermswouldhaveappeared.

Thee~ressionsofequations(c8)and(Cll)areequivalent.Either
formmsybe used,but,forthepurposesofthisreport,equation(c8)
ismoreusefulandtheillustrativetabulationprocesshasbeensetw
onthisbasis.
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W I.- EMIPLECALCULATIOITHWKCURE
(a)calculationof frequency-dependentderivativesendgustspectre
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F@re 2.-Ratioofrolling-gustpowerspectrumtoside-gustpowerspectrumasafunctionofreducedfrequencya’turbulence. forvariousvaluesof ,EI’,theratioofwingspantoscaleof
u1-



Figure3.-Curvesfordeterminingtheratioofyming-gustpowerspectromtoside-gustpowerspectrumforvariousvaluesoftherstioot’wingspantoscsleofturbulencep‘,wingangle
ofattsck~, andwingstabill~derivativesCzr ~ Ch.
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